REGULARIZING ESTIMATES FOR SCHRODINGER AND WAVE EQUATIONS
where L\ denotes the time dependent Schrodinger operator i9t + Ar, and { L-iU-2{x,t}= F(a;,<), (a•,()€R n xR,
(1-2) U2(;r,0)=0 5<U2(a?,0)=0,
for L<i the Wave operator 9u + A^. We define the Morrey-Campanato class L"^,? ^ n/a,a > 0 as
(1-3) L°-P = {V € L^ such that ||y||a,p == sup^^r-" t \V{x}\^dx) 1^} < oo}.
r,xo JB(xo,r)
We prove weighted estimates for solutions of the problem (1-1), more precisely: THEOREM 1 Let Ui be a solution of (1 -z), i = 1,2 and V a non negative function such that sup^ V is in the class L 2^ withp > (n-l)/2, n > 3ythen there exists a constant C only depending on n such that the following a priori estimate holds /* /•+00
(1-4) sup R-1 \ \ ^u^dtdx < C\\ ^V\\^\\F\\^y,X
Q,R JB(xo,R) J-oo <
The last inequality can be understood as a smoothing effect for the non homogeneous equation, with a gain of one half derivative and a gain of one half derivative in the Lf spaces gap. This can be easily seen in the weaker case p = n/2 which corresponds with V € I^'^L^) ; by duality we can prove the following estimate (in the case of the Schrodinger operator see [RV2] )
with ---== -and n > 3. q 2 n "S imilar estimates have been obtained in [KPV] for the wave equation, with gain of one derivative and with non homogeneous term F in .Z^da'lda:). Also other kind of mixed norm inequalities has been obtained by [H] ,
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As in [RV2] , these inequalities are consequence of a similar one for Helmholtz equation:
THEOREM 2 Let u be a solution of
where c > 0, and let V(x) 6 L 2^ with p > (n -l)/2,n >: 3.
Then there exists a constant C > 0, independent of r and e such that
Meanwhile the L 2 estimates are consequence of traze type lemmas (see [AH] ), the present ones involve curvature of the zero set of the symbols and can be seen as consequence of some type of restriction theorems for the Fourier transform.
In the case of the Schrodinger equation, (1-2) can be used in a perturbation argument, obtaining the following theorem wich is an improvement of theorem 1.1 in [RV2] : 
such that
If V^ = 0, T can be taken to be oo and C(T) independent of T.
Let us remark that this class of time independent potential contains the functions in the Lorentz spaces JD"/ 2^00 with small norm. Also some functions like (l/l.z:! 2 )/^/!;!;))
) with p > (n -1)/2 and small norm and V € I^^Z^), without any restriccion on the size of its norm, are included in the statement of the theorem.
Theorem 3 (smoothing effect for the initial value problem) has been obtained in the free case V = 0 by [S] , [V] , [CSl] and for potential with more restrictive conditions that in our statement by [SSj] , [CS2] , and [RV2] . This kind of smoothing effect was firstly observed by [K] in the case of the non linear KDV equation, and plays an important role in the proof of well posedness of some linear and non linear equations (see [S] , [KPV] ). For similar identities see [LP] .
In section 2 we prove Theorem 1, as consequence of theorem 2 and some estimates for solutions of the the initial value problem for the homogeneous equation. In section 3 we outline the proof of theorem 2. In section 4 we prove theorem 3 .
These results are a summary of joint work with Luis Vega. An expanded version will appear elsewhere. Notation (F(a;,.
F(^, r} will be the whole Fourier transform. S^~1 and da~r the euclidean sphere of radius r and its measure. 7°7 will be the fractional integration defined by (I 0 /)^) = ^""/(^O < a < n. D^f will be the fractional derivative, (P^/)^) = l^l 3 /^).. Sometimes we write
PROOF OF THEOREM 1
The proof is based upon representation formulas for solutions of problems (1-i) and some, more or less known, a priory estimates for solution of the initial value problems:
Let us denote { Sfi (x,t) = e'^/i, the solution of (2,1);
Wifi (a;, <) = a^^^/i, the solution of (2-2) for ft = 0, W2f2(x,t) = ^^D^^the solution of (2-2) for /i = 0 Proposition 2.1: Let da be the uniform measure on the unit sphere S"" 1 and da its Fourier transform, let V € L 2^ with p> (n-1)/2, n > 3, and consider the operator 
Proof: By duality it reduces to
where we have used Holder inequality and Proposition 2.1. Proposition 2.3: Let y(a;,() as in theorem 1, and 7 >, -1/2, then the following a priori estimates hold: The last inequality follows from Proposition (2.2). Let us go to (2.5) and (2.6). From (2-3), since all the operators in the statement commute, we may reduce to prove (2-8.)
We-^f^vd.dt) < c\\ s^pyii;/;!!^1/ 2 /!!^, 
Remark on dual operators,
We can obtain easily the following formal expresions for the dual of the above operators:
W^F(x) = F Wi{F(.,t)){s,x)\^dt,i == 1,2.
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By duality we can prove the following estimates, with C independent of T Next lemma gives a representation of the solutions of problems (1.1) and (1.2), in order to discribe it, let us take the solution to the corresponding equations obtained by taking whole Fourier transform :
Lemma 2.5: The solutions of problems (1.1) and (1.2) can be written as: v,i{x,t) = Vi(x,t) + Ri{x,t) where

RI = S(S*(G)) and R-i = (W^ + W^W^{G\ for G(x,t) = sigtF{x,t) .
Proof: The case of Schrodinger equation can by seen in [RV2] . For the wave equation , since ua is a solution of the equation, the remainder term is given by R^x, t) = Wi(u2(., 0))(a-, t) + W^v^., 0)) 
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Similar calculations for QfV^x.O) give the result.
End of proof of theorem 1:
The bound for R^ is a consequence of lemma 2.5 , (2.4*) and (2.9). For J?2 use the lemma, (2.5*) and (2.11), (2.6*) and (2.10). Let us proceed to bound v,. Recall
.,(.,<)=.^yJ. ((2.12))^^0
For v^ similar argument work. §3.
We are going to outline the proof of theorem 2. For the complete proof see [RV3] . By homogeneity of the inequality we may reduce to the case r = 1. Also, by dilation invariance we assume XQ = 0. where the functions ^jj = 1,... are given by ^-(^) = ^(2^|), for a cutoff function ŝ upported on {t € R : 1/2 < t < 2} and aj is a symbol of zero order bounded by CV. The terms j = 0 and j == oo can be bounded by using the results on fractional integrals and Holder inequality (see [FP] , [ChF] ).
A partition of unity in the Fourier transform side, together with the invariance by rotations, allow us to assume that (3-1) suppf C {(^i,0 € R x R"-1 : l^j < l/4^i}.
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By taking 6 = V everything is reduced to the following Now we take an appropriate decomposition of Q^, and use real interpolation in each piece to obtain (3.9) and (3.8), in a similar way as we did in [RV] ,
§4.PROOF OF THEOREM 3
We need the following Proposition 4.1 Let u be a solution of the Selmholtz equation We use the representation formula lemma 2.5. -Ri is bounded by (2.4) and (2.4*). The boundedness of the main term v\ follows, as in the proof of theorem 1, by proposition 4.1
End of proof of theorem 3:
We must establish the solvability of (1.6), we make use of Duhamels formula,
Define the operator T and the space of functions XT by Tl,|Vi|^t) , sup ||F(.,<)||^) < oo}.
W<T
In order to establish the solvability of (1.6) it will be sufficient to prove that e^UQ e XT provided that UQ G L^IU 1 ) and to find and inverse in XT of (J-T). The bound of C^UQ is a consequence of a version for finite t-intervals of (2.4) and the fact that the || ||2 is preserved. Now take F G XT' Use proposition 4.2 and 2.4 in (4.5) to obtain, 
\\T(F)\\L2(^n^T\^\dxdt)
<C\\
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Hence choosing || sup^rg^ |^i|||2,p and T small enough we conclude that the operator norm of T is less than one. Hence (J -T) has an inverse. Repeating this procedure we establish the solvability of (4.4) for T arbitrarily large. Now we are prepared to obtain the desired bound (1. The proof is over.
